We organize colored aromatic trees into a pre-Lie-Rinehart algebra (i.e. a flat torsion-free Lie-Rinehart algebra) endowed with a natural trace map, and show the freeness of this object among pre-Lie-Rinehart algebras with trace. This yields the algebraic foundations of aromatic B-series.
A modern understanding of B-series stems from the algebra of flat and torsion free connections naturally associated with locally Euclidean geometries. The vector fields on R d form a pre-Lie algebra L with product given by the connection in (4) . The free pre-Lie algebra is the vector space spanned by rooted trees with tree grafting as the product [5] . A B-series can be defined as an element B a in the graded completion of the free pre-Lie algebra, yielding infinite series of trees with coefficients a(t) ∈ R for each tree t. By the universal property, a mapping → f ∈ L, sending the single node tree to a vector field, extends uniquely to a mapping B a → B a (f ), where B a (f ) is an infinite series of vector fields
On the geometric side it has recently been shown [9] that B-series are intimately connected with (strongly) affine equivariant families of mappings of vector fields on Euclidean spaces. An infinite family of smooth mappings Φ n : X R n → X R n for n ∈ N has a unique B-series expansion B a if and only if the family respects all affine linear mappings ϕ(x) = Ax + b : R m → R n . This means that f ∈ X R n being ϕ-related to g ∈ X R m implies Φ n (f ) being ϕ-related to Φ m (g). Subject to convergence of the formal series we have Φ n (f ) = B a (f ).
Aromatic B-series is a generalisation which was introduced for the study of volume preserving integration algorithms [6, 8] , more recently studied in [1, 10] . The divergence of a tree is represented as a sum of 'aromas', graphs obtained by joining the tree root to any of the tree's nodes. Aromas are connected directed graphs where each node has one outgoing edge. They consist of one cyclic sub-graph with trees attached to the nodes in the cycle. Aromatic B-series are indexed by aromatic trees, defined as a tree multiplied by a number of aromas.
The geometric significance of aromatic B-series is established in [10] . Consider a smooth local mapping of vector fields on a finite dimensional vector space, Φ : X R d → X R d . 'Local' means that the support is non-increasing, supp (Φ(f )) ⊂ supp (f ). Such a mapping can be expanded in an aromatic B-series if and only if it is equivariant with respect to all affine (invertible) diffeomorphisms ϕ(x) = Ax + b : R d → R d . An equivalent formulation of this result is in terms of the pre-Lie algebra L = (X R d , ) defined in the Canonical example of Section 2.3. The isomorphisms of L are exactly the pullback of vector fields by affine diffeomorphisms ξ(f ) = A −1 f • ϕ, hence: This result shows that aromatic B-series have a fundamental geometric significance. The question to be addressed in this paper is to understand their algebraic foundations.
In what sense can aromatic B-series be defined as a free object in some category? Trees represent vector fields and aromas represent scalar functions on a domain. The derivation of a scalar field by a vector field is modelled by grafting the tree on the aromas. A suitable geometric model for this is pre-Lie algebroids, defined as Lie algebroids with a flat and torsion free connection [11] . Lie algebroids are vector bundles on a domain together with an 'anchor map', associating sections of the vector bundle with derivations of the ring of smooth scalar functions.
The algebraic structure of Lie algebroids is captured through the notion of Lie-Rinehart algebras; the aromatic trees form a module over the commutative ring of aromas, acting as derivations of the aromas through the anchor map given by grafting. However, it turns out that the operations of divergence of trees and the grafting anchor map are not sufficient to generate all aromas. Instead, a sufficient set of operations to generate everything is obtained by the graph versions of taking covariant exterior derivatives of vector fields and taking compositions and traces of the corresponding endomorphisms. These operations are well defined on any finite dimensional pre-Lie algebroid. However, for the Lie-Rinehart algebra of aromas and trees the trace must be defined more carefully, since e.g. the identity endomorphism on aromatic trees does not have a well defined trace.
In this paper we define the notion of tracial pre-Lie Rinehart algebras and show that the aromatic B-series arise from the free object in this category.
Lie-Rinehart and pre-Lie-Rinehart algebras
After a reminder on Lie-Rinehart algebras which were introduced by George S. Rinehart in 1963 [12] , we introduce pre-Lie-Rinehart algebras which are Lie-Rinehart algebras endowed with a flat and torsion-free connection. We also introduce the mild condition of traciality for Lie-Rinehart algebras. The main fact (Theorem 2.12) states the traciality of any finite-dimensional Lie algebroid over a smooth manifold. (the anchor map), such that the Leibniz rule holds: (1) [
for any X, Y ∈ L and f ∈ R. 
by means of the Leibniz rule. An easy computation yields
Corollary 2.3. The anchor map ρ defined above is a Lie algebra morphism.
A connection on a R-module N is a R-linear map
The curvature of the connection is given by
If N = L, the torsion of the connection is given by
Remark 2.4. The curvature vanishes if and only if N is a module on the Lie algebra L (via ∇). In that case, N is called a Lie-Rinehart module.
For example, by Lemma 2.2, the anchor map ρ is a flat connection on the R-module R, making it a Lie-Rinehart module on L. A Lie algebroid on a smooth manifold M is a Lie-Rinehart algebra over the C-algebra of smooth C-valued functions on M . It is given by the smooth sections of a vector bundle E, and the anchor map comes from a vector bundle morphism from E to the tangent bundle T M . Note that the annihilator of a Lie algebroid is always trivial, hence, by Corollary 2.3, the anchor map is a Lie algebra morphism in that case. The terminology "anchor map" and the notation ρ are often used for the bundle morphism in the literature on Lie algebroids.
2.2.
Connections and L-module morphisms. Let L be a Lie-Rinehart algebra on the commutative unital k-algebra R, and let N be a R-module endowed with a connection ∇ with respect to L. The R-module Hom R (N , N ) can be equipped with the connection defined by (where u ∈ Hom R (N , N ), X ∈ L and Y ∈ N )
This connection verifies the Leibniz rule
as can be immediately checked.
Proposition 2.5. If the connection ∇ on N is flat, the corresponding connection ∇ on Hom R (N , N ) given by (2) is also flat.
Proof. If ∇ is flat on N , it is well-known that the corresponding L-module structure on N yields a L-module structure on Hom R (N , N ) via (2), hence a flat connection. To be concrete, a direct computation using (2) yields
Definition 2.6. A pre-Lie-Rinehart algebra is a Lie-Rinehart algebra L endowed with a flat torsion-free connection ∇.
We have then, with the notation
which are written in coordinates:
2.4. Tracial modules.
Definition 2.7. Let L be a Lie-Rinehart algebra over the unital commutative k-algebra R. We call a R-module N tracial if there exists a connection ∇ on N and a R-linear map τ :
• τ is compatible with the connection and the anchor, i.e. for any X ∈ L and α ∈ Hom R (N , N ) we have Proof. We can consider the fibrewise trace on the algebra Hom C ∞ (M ) (N , N ) of smooth sections of the endomorphism bundle End W : it is given fibre by fibre by the ordinary trace of an endomorphism of a finite-dimensional vector space. The trace property is obviously verified.
To prove the invariance property (5), choose two V -connections ∇ 1 and ∇ 2 on W . It is well known (and easily verified) that c X := ∇ 2 X − ∇ 1 X belongs to Hom C ∞ (M ) (N , N ), hence is a section of the fibre bundle End(W ). Now for any section ϕ of End(W ) we have for any X ∈ L and α ∈ N :
. The trace of a commutator vanishes, hence we get (6) Tr(∇ 2 X ϕ) = Tr(∇ 1 X ϕ). In other words, the trace of ∇ X ϕ does not depend on the choice of the connection. We can locally (i.e. on any open chart of M trivializing the vector bundle W ) choose the canonical flat connection with respect to a coordinate system, namely (5) is obviously verified (here p is the dimension of the fibre bundle W ). Hence, from (6), we get that (5) is verified for any choice of connection ∇.
2.5.
Tracial Lie-Rinehart algebras. When the module N is the Lie-Rinehart algebra itself, it may be convenient to restrict the algebra on which the trace is defined: Definition 2.9. Suppose that N = L, and let us introduce the k-linear operator
defined by (7) dX(Z) := ∇ Z X.
Let the algebra of elementary R-module endomorphisms be the subalgebra of
Remark 2.10. Leibniz rule (3) implies that the connection ∇ on Hom R (L, L) restricts itself on E R (L, L). As suggested by the notation, d can be extended as a differential of some complex. We will return to this point in a forthcoming article. 
. Generally for any finite dimensional Lie algebroid with a connection we have a notion of divergence Div = τ • d. Proof. In view of Definition 2.9, we have to prove that, for any X, Y ∈ L, the endomorphism ∇ Y (dX) is obtained by linear combinations of products of endomorphisms of the form dZ, Z ∈ L. It derives immediately from the left pre-Lie relation, via the following computation:
Proposition 2.15. Let L be a tracial pre-Lie-Rinehart algebra. Under Condition (8), one has for any x, y ∈ L:
where Div is a shorthand notation for τ • d.
Proof. We can compute for any z ∈ L, with L x := x £ − for any x ∈ L:
Applying τ to both sides and using the trace property we get:
Aromatic trees
In this section we define rooted trees, aromas and aromatic trees, the latter being the relevant combinatorial objects for building up the free pre-Lie-Rinehart algebra.
3.1. Rooted trees. Let C be a finite set, whose elements we shall think of as colors. We introduce some notation: Definition 3.1. T C is the vector space freely generated by rooted trees whose vertices are colored with elements of C. We denote by V C the vector space freely generated by pairs (v, t) where t is a C-colored tree and v is a vertex of t.
We make V C into a k-algebra by defining the multiplication (v, t)(u, s) = (u, s £ v t) where the tree s is grafted onto the vertex v of t.
3.2.
Aromas, multi-aromas and aromatic trees. Definition 3.2. A connected directed graph with vertices colored by C and where each vertex has precisely one outgoing edge is called an C-colored aroma or just an aroma since we will only consider this situation. It consists of a central cycle with trees attached to the vertices of this cycle. The arrows of each tree are oriented towards the cycle, which will be oriented counterclockwise by convention when n aroma is drawn in the two-dimensional plane. We let A C be the vector space freely generated by C-colored aromas.
Let R C be the vector space freely generated by C-colored directed graphs (not necessarily connected) where each vertex has precisely one outgoing edge. Such a directed graph is a multiset of aromas, and we call it a multi-aroma.
The vector space R C has a commutative unital k-algebra structure coming from the monoid structure on multisets of aromas. Note that R C is the symmetric algebra Sym k (A C ) on the vector space of C-colored aromas. 
is the vector space spanned by the commutators in V C , so that the map τ becomes the natural projection from
Proof. Any aroma can be drawn on the two-dimensional plane as a counterclockwise oriented cycle of length n ≥ 1 with one tree t j attached to vertex number j of the cycle, namely:
where r j is the root of t j . By definition of an aroma, a is invariant under any cyclic permutation of the elements (n i , t i ). On the other hand, any tree t with marked point v admits the decomposition:
where v 1 (resp. v j ) is the root of t (resp. the marked vertex v) and (v 1 , v 2 , . . . , v j ) is the path from the root to v in t. Each vertex v i of this path is the root of the tree t i . Now if (v , t ) = (v j+1 , t j+1 ) · · · (v j+k , t j+k ) is another tree with marked vertex, we have
is then obvious by cyclic invariance of the decomposition of an aroma. Now any aroma is the image by τ of at most n trees with marked points, where n is the length of the cycle. It is clear that two such trees admit the same decomposition as above modulo cyclic permutation, which implies that they differ by a commutator. Now we have to prove that any element T ∈ V C with τ (T ) = 0 is a linear combination of commutators. Decomposing T in the basis of trees with one marked points:
from τ (T ) = 0 we get (v,t), τ (v,t)=a α (v,t) = 0 for any aroma a. Hence the sum (v,t), τ (v,t)=a α (v,t) (v, t) is a sum of commutators for any aroma a, which proves that T is also a sum of commutators.
3.3.
The tracial pre-Lie-Rinehart algebra of aromatic trees. Definition 3.5. An aromatic tree is a pair (a, t) where a is a multi-aroma and t is a rooted tree. Denote by L C the k-vector space freely spanned by the aromatic trees.
If v is a vertex in an aromatic tree (a, t) (so v is a vertex either of a or t), we get a triple (v; a, t). Denote by E C the vector space spanned by all such triples. In the following an aromatic tree (a, t) is often denoted by single letter, often t. The notation (v; a, t) is then shortened to (v, t)
On L C we have the product given by grafting the root of the tree part of s on any vertex of the aromatic tree t and summing up. Similarly we can graft the tree part of s on an aroma. From this we get induced maps
Proposition 3.6. L C is a pre-Lie Rinehart algebra over the commutative algebra R C spanned by multi-aromas, with anchor map ρ and connection ∇ defined above. The bracket is defined by
Proof. Checking the Leibniz rule for the anchor map and the left pre-Lie relation for £ is an easy exercise left to the reader. Proof. For any aromatic tree s, the endomorphism dX sends any aromatic tree t of the sum obtained by grafting the root of the tree part of t on any vertex of s. It can thus be represented by the sum v∈V (s) (v, s). From this observation it is easily seen by induction on the number of vertices that (v, s) represents an element of E R C (L C , L C ) for any vertex v, the case of one single vertex being obvious. Hence
The reverse inclusion is an easy consequence of Proposition 2.14.
The trace map τ : V C → A C of (11) extends naturally to a trace map
It maps an element (v; a, t) to the multi-aroma we get by joining the root of t to the vertex v. Proof. The subalgebra E C above is a pre-Lie Rinehart submodule of Hom R C (L C , L C ): indeed, for an aromatic tree t and a marked aromatic tree α = (v, s), one obtains t £ α by grafing the root of t on any vertex of s and by summing up all possibilities, keeping of course the marked vertex v in each term. One obtains then τ (t £ α) by joining the root of s to the marked vertex in each of those terms. This succession of two operations is equivalent to grafting the root of t on any vertex of the multi-aroma τ (α) and summing up all possibilities, in short:
which is the desired equality.
The universal tracial pre-Lie-Rinehart algebra
Let L be a pre-Lie algebra over the field k and C a set of colors. The canonical embedding of C into T C is given by c → • c . It is well-known [5, 7] that T C with grafting of trees as the operation £ is the free pre-Lie algebra on the set C. It has the universal property that given any map C → L there is a unique morphism of pre-Lie algebra T C → L such that the diagram below commutes:
is a universal tracial pre-Lie Rinehart algebra.
Remark 4.1. Originally we aimed to show that the pair L C , R C was a universal pre-Lie-Rinehart algebra. However from a given set map to a pre-Lie-Rinehart algebra C → L we could not extend this to maps
The problem is that one cannot generate all of L C or R C by starting from C and using the operations Div and £, either between aromatic trees s £ t or on an aroma s £ a.
In particular one cannot generate all of the multi-aromas R C .
To remedy this we have introduced the subalgebra V C of End k (T C ) generated by the image of T C → End k (T C ) together with its trace map τ . From this subalgebra one can get all aromas by applying the trace map. Furthermore V C is "fattened up" to the subalgebra E C of End R C (L C ) over R C .
To get the universality property we have introduced the class of tracial pre-Lie-Rinehart algebras. 
Moreover, there is a unique map γ extending the diagram (15) to a commutative diagram
The map α extends toα : L C → L given by
for any a 1 , . . . , a i ∈ A C and t ∈ T C , is a morphism of pre-Lie-Rinehart algebras. Similarly β and γ extend, and we get the following. Universality property: There is a one-one correspondence between set maps C → L and morphisms of tracial pre-Lie-Rinehart algebras
Proof. To prove the first assertion of Theorem 4.2, we start from the fact that any tree (v, t) with one marked point different from the root can be written as
where the associative product on V C has been described in Paragraph 3.1. Here t is any tree containing the marked vertex v, and t is the remaining tree, on which the marked vertex v comes from the vertex immediately below the root of t . We then proceed by induction on the number of vertices: if t is reduced to the vertex v colored by c ∈ C, we obviously have
for any x ∈ L. Suppose that the map β has been defined for any tree up to n vertices. Now if t has n + 1 vertices and one marked vertex v different from the root, we must have:
It is easily seen that this does not depend on the choice of the decomposition. Indeed, if v is not the root of t , then (v, t ) = (v , s )(v, s) where s is the subtree with root v, and s is the remaining tree inside t . The vertex v comes from the vertex immediately below v in t . We have then
where t is obtained by grafting s on t at vertex v . Hence any decomposition boils down to the unique one with minimal upper tree, for which the marked vertex is the root. Now if t has n + 1 vertices and if the marked vertex is the root, we must define β(v, t) as follows:
Let us now prove the second assertion of the theorem: the map β is an algebra morphism, hence induces a map = ρ α(t) .γ(a).
Using Leibniz' rule we immediately get for any a 1 , . . . , a j ∈ A C :
(22)α(t £ a 1 · · · a j ) = ρ α(t) . γ(a 1 ) · · · γ(a j ) .
The final computation:
(23)α (a 1 · · · a i t) £ (a 1 · · · a jt ) =α(a 1 · · · a i t) £α(a 1 · · · a jt ) proving the third assertion is easy and left to the reader.
Remarks on equivariance
We finally return to some remarks on Theorem It is straightforward to check that these are all equivariant with respect to the action of affine diffeomorphisms: Φ L (ξ · f ) = ξ · Φ L (f ) , Φ E (ξ(f )) = ξ · Φ E (f ) and Φ R (ξ(f )) = ξ · Φ R (f ) . Theorem 1.1 states that any smooth local affine equivariant mapping Φ : L → L has an aromatic B-series B L ∈ L C , where the overline denotes the graded completion, i.e. the space of formal infinite series. The proof technique [10] , seems to work also for smooth local mappings between different tensor bundles. Hence, we claim: 
